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LElTER TO THE EDITOR 

Coupled Harry Dym equations with multi-Hamiltonian 
structures 

Marek Antonowiczt and Allan P Fordy 
Department of Applied Mathematical Studies and Centre for Non-Linear Studies, 
University of Leeds, Leeds LS2 9JT, UK 

Received 18 November 1987 

Abstract. We consider the isospectral flows of ( d 2 + Z r  I+')+= a+. Using an unusual 
form of the 'Lax approach' we derive in a particularly simple manner: (a )  the 'second 
half of the Lax pair; (b) the associated Hamiltonian structures; (c) an infinite hierarchy 
of Poisson commuting Hamiltonians. In this way we show that these equations possess 
( N  + 1) compatible, purely differential Hamiltonian structures. The case N = 1 is just the 
bi-Hamiltonian Harry Dym hierarchy. We thus extend our recent results on multi-Hamil- 
tonian coupled KdV equations. 

Recently (Antonowicz and Fordy 1987a, b) we discussed systems of coupled K d v  
equations associated with the novel spectral problem: 

An interesting feature is that the N-component system can be written in Hamiltonian 
form WRT ( N S  1) compatible, purely differential Hamiltonian operators Bo, . . . , B N .  
The original bi-Hamiltonian K d v  equation corresponds to the simplest case of N = 1. 
When N = 2 we obtain the dispersive water waves equation (Kupershmidt 1985) and 
Ito's equation (Ito 1982) (both tri-Hamiltonian) as special cases. 

In this letter we present a similar extension of the Harry Dym hierarchy (Kruskal 
1975). We introduce the spectral problem 

and show that the isospectral flows of this are once again multi-Hamiltonian: there 
exist ( N  + 1) compatible, locally defined Hamiltonian operators for the N-component 
system. These Hamiltonian operators have similar algebraic form to those of the 
multicomponent K d v  although some of the matrix entries are crucially different. The 
bi-Hamiltonian Harry Dym equation corresponds to the case N = 1. We explicitly 
present a tri-Hamiltonian two-component system together with its bi-Hamiltonian 
modification. 

t On leave of absence from the Institute of Theoretical Physics, Warsaw University, Hoza 69,OO-681 Warsaw, 
Poland. 

0305-4470/88/050269 +07$02.50 @ 1988 IOP Publishing Ltd L269 



L270 Letter to the Editor 

In Antonowicz and Fordy (1987a, b) we started with the Hamiltonian operators 
and derived the spectral problem ( l a )  from the equation: 

B,V = ABo*. ( I C )  

In Antonowicz and Fordy (1987~) we started with the spectral problem ( l a )  and 
in one construction derived the Hamiltonians, Hamiltonian operators and the time 
evolutions of the eigenfunctions of ( l a ) .  This is the approach adopted here for the 
spectral problem (1 b ) .  

Consider the spectral problem: 
N 

L $ = ( d 2 + 4 v k . \ * ) $ = C k ' $  ( 2 a )  

where a = a/dx, A is the spectral parameter and (Y is a constant. If  N = 1, cy = 0 then 
( 2 a )  gives the Harry Dym linear problem. We consider time evolutions of the eigenfunc- 
tions $ of ( 2 a )  of the form 

$, = +A(ukr A )$x + B( u k ,  A )$ P$ ( 2 b )  
where A and B are functions of the potentials vk, their x derivatives and the spectral 
parameter A. Assuming A,  = 0 we find the identity: 

Evidently we cannot expect the usual Lax equation to hold. However, the integrability 
conditions of ( 2 a )  and ( 2 b )  imply that (a, -[PI [ I ] ) $ = O  for eigenfunctions of ( 2 a ) .  
To achieve this property and to match the coefficient of a2 we require 

( 4 a )  
This further implies that A,, +4B, = 0 so that ( 4 a )  takes the remarkably simple form: 

a, - [P, a 1 = A, (a - cy 1. 

where 

J 0 - 1  - 4a  3 - & a  J k  = f v k a  + f d v k  k = l ,  . . . ,  N. 

The operator Zr A kJk on the RHS of (46) will play a crucial role in our considerations. 
To obtain a sequence of isospectral flows of ( 2 a )  we substitute a polynomial 

expression for A 
m 

A = 1 Am-,A' 
I 

into the formula ( 4 6 ) .  Collecting terms with the same powers of A we obtain the 
equations of motion 

where A'k'= ( A k - N + l , .  . . , Ak)T and the recursion relation (with A, = 0 for n < 0): 

( 7 a )  J O A k - N + J l A k - N + l + . .  . + J N A k = O  k = 0, . . . , m - 1. 
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It is a remarkable fact that the recursion relation (7a)  can be written as a bi-Hamiltonian 
ladder in exactly N different ways: 

n = l , 2 ,  . . . ,  N (7b) B,A(k-I) = B A(k) 
n - 1  

where the matrix differential operators B, are determined by the following require- 
ments: B,, is skew adjoint and the nth row of each matrix equation (76) is just (7a) ,  
the remaining ones being identities. Explicitly, the B,, are 

Because of the simple algebraic structure of B,, it is not difficult to check that they are 
indeed Hamiltonian, compatible, and satisfy the formal relation B, = RB,,-l where 

Remark. The algebraic form of these matrices is identical to those corresponding to 
coupled Kdv equations (Antonowicz and Fordy 1987a, b, c). However, the matrix 
elements Jo and JN are crucially different: in the K d v  case J o = ~ a 3 + ~ v o a + ~ a v ,  and 
JN = -a. 

The existence of an isospectral flow (6) depends on the solvability of the recursion 
relation (7 ) .  We prove below that there exists a formal infinite series solution 

00 

 EA,,-^ 
0 

of the equation 

with A,, being differential functions of v I ,  . . . , u N .  Then 

A = ( A " & ) +  m a l  

(where ( )+ means only terms with positive powers of A )  is of the form ( 5 )  and gives 
us a solution of (7a).  We label the corresponding flow by t , ,- l  

( 13 )  - ~ ~ ~ ( m - 1 )  
Of,,- ,  - 
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To construct the infinite series solution (10) of ( 1  1 )  we use a trick of Gel'fand and 
Dikii (1975). Equation ( 1  1 )  

when multiplied by d can be integrated once to give 

(15) 

where C ( h )  is a (A-dependent) constant of integration. Let us fix C(A) = A N  and 
substitute (10) into (15). The resulting recursion relation determines d uniquely (up 
to sign) because the leading term 2vNAOAk is invertible with respect to Ak. The first 
two terms in (10) (for N 2 2 )  are 

1 ( 1  

N 

(~dd, , -$d~)+ -(Y+c U k h k  d 2 = C ( h )  

Ao= l / v g 2  A1 = -vN-1/2vz2. 

If N = 1 ,  v1 = v, they become 

A. = 1/  v ' l 2  AI = a/2v312+ v , , / ~ v ~ / ~ -  5 ~ : / 3 2 u ~ / ~ .  (166) 
This construction of an infinite series (lo), satisfying ( 1 9 ,  proves the existence, for 
arbitrary m, of a polynomial solution (12) of (7). 

To establish the Hamiltonian character of the corresponding flows (13) we must 
prove that A'k' are variational derivatives of some functionals %fk : 

A'k' = SX, (17) 
where 6 = ( a l ,  . . . , 8N)T, ai = S/Sui. From (16) it follows that A'''= SXo,  A(' )=  SXl 
where 

X" = 2vg2  = u N - I / v N  for N 2 2  (18a) 

xo = 2v'/2 XI = - a / V 1 I 2 -  vf.16~~'~ for N = 1 .  (18b) 

1/2 

and 

We now use the lemma of Magri and Gel'fand-Dorfman (see Olver 1986). 

Lemma. If Bo and B1 are compatible Hamiltonian structures and if B 1 6 X =  
Bo8X, B18X = BOG, then there exist a function % such that G = 8%. This, together with 
(18), gives us an inductive proof of (17). 

Remark. The usual assumption that B18X,, E Im Bo is automatically satisfied here, 
since we have already constructed an infinite sequence A(k) satisfying (7b). Thus 
B1 SX,, = 

We can summarise our results as follows. 

Theorem. There exists an infinite sequence of isospectral flows of (2a )  which can be 
represented as the integrability conditions (4) of (2a)  and (26) with A defined by (12). 
These equations are Hamiltonian WRT the ( N  + 1 )  mutually compatible Hamiltonian 
operators (8): 

Urn = Brv-,aRn+, 1=0 ,..., N ; n = O , l ,  . . . .  
All the flows (19) commute. 
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As an illustration of the above constructions we will present here the two-component 
tri-Hamiltonian coupled Harry Dym hierarchy. When N = 2 the linear problem ( 2 a )  
becomes 

I ~ $ = ( ~ ~ + A u , + A ~ u , ) $ = ~ $  (20 )  

and the reduction U, = 0 leads to the (generalised when a # 0) Harry Dym hierarchy. 
Specialising the formulae (8) we get 

for the three local Hamiltonian structures of our two-component system. The first two 
Hamiltonians are given by (18): 

xa = 2 u y 2  x, = u 1 / u : / 2 .  (22 )  

The first two flows of the hierarchy 

U,_ = B26%,,, 

are 

and 

U 1 r ,  = -( &2)xxx + a  ( &)x 

Remark. The reduced hierarchy U, = 0 contains the odd flows only and coincides with 
the N = 1 hierarchy. It is a bi-Hamiltonian hierarchy with the Hamiltonian operators 

(25 )  B - J - 1  
1 -  0 - 4 8  

B 0 -  - - J  1 -  ----U d - f a u  

and first flow 

01, = a (5) xxx - ($) 
which is just the Harry Dym equation with the additional first-order term which vanishes 
for a = 0. 

Remark Equation (26 )  appeared in Chowdhury and Roy (1985) under the name of 
‘modified Harry Dym equation’, somewhat of a misnomer in current language since 
no Miura map is involved in its construction. 
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The block diagonal form of B,  suggests an obvious construction of the Miura map for 
our N-component extension of the Harry Dym hierarchy (with (Y = 0). It is enough 
to introduce the potential for the v1 variable u1 = $CIx. The other variables can be left 
unchanged or, alternatively, changed by invertible transformation 6 k  = X N - k ,  
k = 2 , .  . . , N. We use the latter, since it brings B, into constant coefficient form. For 
the case N = 2 

(27)  - 1 - 2  
2 - 4 v 2  

-1- 
1 - 2u1x 

so that 

B,, = M ' & ( M p ) i ) v = M ( b )  n = l , 2  

where 

and M '  is the Frechet derivative of the transformation (27). 
The modified hierarchy is thus bi-Hamiltonian and given by 

6,,n = tj*82?,,, (29a)  

where 

Explicitly we have * - -  1 -  go= c2 1 - V I ,  0 2  

and 

Comment. Equation (27) is a genuine Miura map (non-invertible and Hamiltonian) 
for the two-component system, but reduces to an invertible coordinate transformation 
when we make the reduction v ,  = O .  Of course, if we started with just the original 
Harry Dym equation, then 

U = 'v' 2 x  (31) 

is a genuine but somewhat trivial Miura map between the potential Harry Dym and 
the Harry Dym equations. 

One can easily check that the formulae 

y = i x  vg2dz  f$ = v g 4 +  

k = l ,  . . . ,  N-1 V N x x  5 V k x  u k  
u0=---- +- u k  =- 

vN 421% 1 6 v h  U N  
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transform solutions of the Harry Dym type linear problem 

d 2 , ~ + ( A v , + . . . + A N ~ N ) ~ = ~ ~  (33)  

(34) d: .4+(u,+Au,+.  . . + h N - ' ~ ~ - I ) 4 = - A  N 4. 
into solutions of the energy-dependent Schrodinger linear problem 

Thus isospectral flows of (33) are transformed into isospectral flows of (34). It is also 
not difficult to see that the polynomial character of the time evolution (26) is preserved 
under the above transformation. As a result the consecutive flows of the N-component 
Harry Dym hierarchy (13) are transformed by (32) into consecutive flows of the 
N-component coupled Kdv hierarchy discussed by Antonowicz and Fordy (1987 a, b, c), 
but with a slight change in notation due to the minus sign on the right-hand side of 
(34). The transformation (32) is a straightforward generalisation of the Liouville 
transformation (Magnus and Winkler 1979), which is just the case N = 1, a = 0. 

The linear equations ( l a )  and (2a) are just two special cases of a general second- 
order spectral problem considered by Antonowicz and Fordy (1987d). In that paper 
we give a general construction of Miura maps and modified equations related to the 
isospectral flows of this spectral problem. In some circumstances, the N-component 
system (with ( N  + 1) Hamiltonian structures) has a sequence of N modifications, with 
the kth modification having ( N  - k + 1) compatible Hamiltonian structures. The single 
Hamiltonian structure of the Nth modification is constant coefficient. In other circum- 
stances, the Miura maps reduce to invertible transformations of the type introduced 
by Antonowicz and Fordy (1987b). 

The unusual form (26) of the 'second half of the Lax pair gives a particularly 
simple and direct construction of the associated Hamiltonian structures and Hamil- 
tonians. This method can be applied to a very broad class of Lax operators to derive 
both known results and their generalisations. For instance, applied to the general 
third-order trace-free operator one derives the usual Hamiltonian pair associated with 
the Boussinesq equation. This can then be extended to a tri-Hamiltonian four- 
component system. 

We thank the SERC for financial support. 
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